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INTRODUCTION
Interest in the study of flow in curved pipes is due to its wide-ranging applications to the design of heat exchangers, oil pipelines, and chemical reaction plants on one side; and on the other side, the added interest in recent years is due to its relevance in the simulation of blood flow at curvature sites, for example, the blood flow in the aorta-a blood vessel curved threedimensionally through 180'. For such flows, an understanding of the distribution of velocities, shear stresses, and pressure may help to provide some understanding of the genesis of certain arterial diseases. There is evidence which suggests that there are certain preferred sites in the arteries, like the branching or the curved portion, where there is fat deposition, leading to a constriction in the artery, also called stenosed artery (see Figure 1) . As a result of this occlusion, the blood supply to the corresponding organs is impaired. It is believed that haemodynamics may be responsible for such a selective behaviour. The secondary flows induced by the centrifugal effects developed at the curvature sites will result in asymmetrical wall stresses with a high-shear region and a lowpressure region. Young [3] , in his review article, has discussed various fluid-dynamical aspects of arterial sterosis, such as estimation of pressure drop, shear stress, impedance to the flow and possible points of separation which may hamper the mass transfer.
The first theoretical study on the flow of a Newtonian fluid in a curved pipe was made by Dean [1, 2] , who found the dependence of dynamic similarity of the fully developed flow on a where Wo is the mean velocity along the pipe, v the kinematic viscosity, and a the radius of the pipe, which is bent in a circle of radius R. Dean studied the problem by perturbing the solution with respect to small Dean number (D) on the basis of Poiseuille's flow. Engineers have concentrated mainly upon fully developed turbulent flows (except in relation to high viscosity liquids, where they have been interested in very low Reynolds numbers); while in the human body, by contrast, only very sporadic or highly localized bursts of turbulence occur. The Reynolds number takes the values from a few hundred to several'thousands, both in the larger airways of the lung and in the larger arteries. McConalogue and Srivsstava [4] yielded solutions valid for D up to 600, and Collins and Dennis [5] calculated numerical solution for large D up to 5000. The review articles [6] [7] [8] widely deal with the various aspects of the flow in a curved pipe.
Most of the research articles on the flow of fluid in curved/constricted tubes deal with axisymmetric flow, while constriction can be of nonsxisymmetric nature. Moreover, there are instances when a straight pipe is bent, the sectional shape of the curved pipe becomes distorted into an ellipse or an oval (Figure 2 ). The noncircular cross section can be due either to some pathological conditions or to advancing age. Moreover, the studies on flow in tubes of elliptic cross section can be used to understand venous collapse. Cuming [9] , following the approach of Dean, obtained the secondary flow pattern for nonaxisymmetric flow in curved pipes with elliptic cross section. Topakoglu and Ebadian [lo] studied the flow in curved pipes of elliptic cross section for two different geometries, with major axis or minor axis of the ellipse placed in the direction of radius of curvature. Explicit expression for the first-term expansion of the secondary flow stream function in terms of the ellipticity ratio were obtained. Takami and Sudou [ll] studied the fully developed flow of an incompressible fluid through curved pipes with elliptic cross section analytically and experimentally. Velocity properties of the primary flow and the secondary flow patterns were obtained by using numerical techniques. The experimental results on pressure drop were compared with the analytical results. On the basis of these results, an approximate expression for the friction coefficient was derived. Sarin and Mehrotra (121 studied the steady flow in a cylindrical tube of elliptic cross section at a low Reynolds number and discussed the impedance, which is an important characteristic of stenotic blood flow. Todd [13] considered the steady laminar flow through pipes of straight central line and the cross-sectional geometry in which the orientation of the cross section changes slowly with distance along the axis of the pipe. The special case of a twisted pipe of elliptic cross section was found to be analytically tractable, and the relative change in axial velocity due to a constant twist was discussed. Murata et al. [14] studied the low Dean number viscous flow in a tube of small but rapidly varying curvature and discussed the shifting of the position of maximum axial velocity depending on Reynolds number. Pedley [S] discussed the low Dean number viscous flow and obtained the first order correction for nonuniform curvature. The problem was solved by the method of perturbations and a solution was obtained for velocity and shear stress at the wall. The unusual fluid properties are most marked in the case of blood, a suspension of some 40%-50% by volume of small deformable bodies, mainly the red blood cells, which are highly flexible disk-shaped bodies in diameter about 8 microns in a transparent fluid, the blood plasma. Blood can be treated as Newtonian fluid in arteries at high strain rates; while in small vessels, with diameters a few times that of a red blood cell, blood may be treated as a non-Newtonian fluid [15, 16] . Viscoelasticity is an important property of mucus. The non-Newtonian behaviour may be of importance in the case of very severe stenosis, where the arteries are sufficiently small and migration of cells may produce an unequal distribution of concentration across the tube, with a complicated resulting effect on resistance [17, 18] . The secondary flow streamlines induced in the presence of curvature [1, 2] form an interesting fluid-mechanical phenomena. The presence of stenosis makes all the flow characteristics dependent on the axial distance, and hence the secondary streamlines will be different at every cross section of the pipe.
The equations describing the motion of a fluid in a curved pipe are highly nonlinear, and hence, it is difficult to obtain a closed-form solution. The first theoretical study of the fully developed flow of elasticc+viscous liquid (191 in a curved pipe of (i) circular cross section and (ii) elliptic cross section was made by Thomas and Walters [20, 21] , who used the perturbation parameter L, defined as
The visco-elastic effects are considered through a parameter m, defined as
where N(r) is the distribution function of relaxation time r and p is the density. The associated viscous flow problem [1,2] w&s obtained for m = 0. Barnes and Walters [22] have argued that increasing m may be interpreted loosely as increasing the elasticity in the fluid. Sarin [7] has studied various aspects of flow of elastic viscous liquid in curved pipes of elliptic and circular cross section. This paper supplements an earlier study [23] in which fully developed flow for an elastico-viscous liquid in a curved pipe of circular cross section with slowly varying curvature was discussed. Here we consider the more general problem of the flow of an elasticoviscous liquid, induced by a pressure gradient, in a curved pipe of nonuniform curvature and elliptic cross section, which is placed in an arbitrary position with respect to the radius of curvature of the curved pipe (Figure 3) . The curvature is allowed to vary slowly [6] and the flow is assumed to be steady and laminar. A perturbation scheme using the parameter L, given by equation (I), is used to determine the effects of (i) the nonuniformity of the curvature, (ii) the shape of the cross section of the pipe, and (iii) the arbitrary p~itioni~ of the elliptic cross section of the pipe.
It is shown that in a tube of increasing curvature, there will be a delay in setting up the secondary motion. The effect of nonuniformity of curvature on wall shear stress is discussed. The particular elastico-viscous liquid considered in the present investigation is the liquid B' (see [19, 21] ), with equations of state as follows (at small rates of shear):
I t Here covariant suffixes are written below, contravariant sufhxes are written above, and the usual s ~tion convention for repeated suffixes is assumed. pik is the stress tensor, p' an arbitrary isotropic pressure, gik the metric tensor of a fixed coordinate system zi, and eik (') the rate-of-strain tensor. The liquid designated as B by Oldroyd [24] is a special case of liquid B' by writing in equations (4) and (5).
Here 5 denotes a Dirac delta function defined in such a way that
The Newtonian liquid of constant viscosity rlo is given by
N(T) = q?&(T). (8)
The wall shear stress, an important parameter in physiological flows, is calculated. It is verified that in a tube increasing curvature, there will be delay in the setting up of the secondary motion. The particular case of flow of Newtonian fluid in a tube of circular cross section is also deduced.
Elastico-Viscous Liquid
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MATHEMATICAL FORMULATION
It is convenient to consider motion by referring to the coordinate system introduced by Dean [1, 2] , which is shown in Figure 3 . OS is the axis of the anchor ring formed by the pipe wall. C is the centre of the section of the pipe by a plane through OS making an angle 19 with the fixed plane. CO is the perpendicular drawn from C on OS and is of length R. The plane through 0 and perpendicular to OS and the line traced out by C are called the central plane and the central line, respectively, of the pipe. Cartesian axes Cji and Cg are drawn in the section of the pipe, GE being parallel to OC. a and b are the semimajor and semiminor axes of the elliptic cross section, and position of any point in the pipe is given by (5,& 0) . The equation of boundary of the pipe can be written as 
where Q is the angle of inclination of the semimajor axis with the reference axis Cji. The governing equations of motion and the equation of continuity for the steady-rate flow can be written in the following forms:
where U, V, and W are the physical components of the velocity vector in the 2,9, and 0 direction, respectively, and p is the density. The boundary conditions associated with equations (lo)-(13) are as follows:
The full equations of state relating the physical components of partial stress and velocity are somewhat complicated and must be solved in conjunction with equations (lo)-(13) and the boundary conditions on the velocity components. and 170 is the limiting viscosity at small rates of shear [19] . We define curvature ratio S(0) ss
which depends on 0 if curvature is not uniform and is equal to a constant 6 if R is uniform. When s(e) is allowed to vary, it is supposed to do so on a length scale large in comparison to a, so that
When 6 is uniform, the velocity field is independent of 0, and equation (12) implies that the pressure is of the form -Go +p*(I,fj). When S is not uniform, we can write (19) The nondimensional set of equations corresponding to the set of equations (lo)- ( 13) (24) and (25) A=cos20+c2sin2cr, B = sin2 cr + c2 cos2 Q,
The associated boundary conditions (14) are given by u=v=w=OonAz2+By2+2Dzy=1.
Physically, the parameter L can be considered as the square of the ratio of the centrifugal force induced by the circular motion of the fluid to the viscous force.
SOLUTION OF THE PROBLEM
Equations (20)- (23) are highly nonlinear equations, and so it is difficult to obtain a closed-form solution for all L and 6. We introduce a perturbation in L, E, and 6 for all the physical variables in the problem in order to obtain an analytical solution.
The solution for a steady state, fully developed flow in a tube of small curvature (6 CC 1) is obtained by considering 6 to be uniform and e = 0. In this situation, the velocity field and the pressure gradient (-3) are independent of 8; and the only way in which the transverse velocities are affected by the axial velocity is through the centrifugal force terms which derive it. The equations (20)- (23) The method of solution is one of successive approximations in which it is assumed that U, v, and w can be expanded in ascending powers of L (L being sufficiently small). When the pipe is straight (L = 0) and u = v = 0. In this case, equation (29) When c = 1, the solution corresponds to the flow of elastics-viscous fluid in a curved pipe of circular cross section [21, 23] .
SLOW VARIATION CASE
In order to obtain the effects of nonuniform curvature, we introduce a parameter A(6) as follows:
where 6 is the curvature for the uniform case. The form of A(e) can be prescribed randomly to describe the tube of increasing or decreasing curvature. For example, as an application to the flow in the aorta, A(@ can be written as follows:
where k and ICI are constants and k << 1.
The physical components of the velocity field and the partial stress tensor are written ss follows: (40)- (42) are coupled with the governing equations (20)- (23), we obtain the following equations involving eL3i2 order terms:
a ( where Grr is independent of x and y and is the connection to the pressure gradient required to keep the volume flux independent of 8 and is zero in this case. We note that p~oB~ll makes no contribution in eL3j2 order terms. The solution of differential equations (44)- (46) 
RESULTS AND DISCUSSION
The functional forms of velocity components given by equation (47) Thus, it is verified that in a tube of increasing curvature (A' > 0), there will be a delay in setting up the secondary motion as compared to the secondary motion in a tube with uniform curvature. The form of A(e) can be prescribed at random to describe the impact of increasing or decreasing curvature on the fluid flow (refer to equation (39)). Tables 1 and 2 The comparison of values shows that the centres are very slightly displaced due to nonuniform curvature, and this displacement is significant in the asymmetrical case (Q = s/4). The position of maximum axial velocity, which is at 2 x 4 x 10W4LA(8), y = 0 for uniform curvature and m = 1, is displaced to x M 4.4 x 10--4LA(e)[l -o.12eL112A'(e)/A(e)], g= 0.12eL3/2A'(8) for the nonuniform curvature.
